A computational homogenization procedure for a material layer that possesses an underlying heterogeneous microstructure is introduced within the framework of finite deformations. The macroscopic material properties of the material layer are obtained from multiscale considerations. At the macro level, the layer is resolved as a cohesive interface situated within a continuum, and its underlying microstructure along the interface is treated as a continuous representative volume element of given height. The scales are linked via homogenization with customized hybrid boundary conditions on this representative volume element, which account for the deformation modes along the interface. A nested numerical solution scheme is adopted to link the macro and micro scales. Numerical examples successfully display the capability of the proposed approach to solve macroscopic boundary value problems with an evaluation of the constitutive properties of the material layer based on its micro-constitution.
Introduction
Material layers that transmit cohesive tractions occur in several engineering disciplines. Solder connections, adhesive bonding layers, laminated composite structures, building materials such as masonry, as well as geomaterials are some notable examples. Two are illustrated in Figure 1 . In most cases, the material in the connecting layer is significantly weaker than the surrounding bulk material and therefore the deformation will be strongly confined to this layer. If the material layer is composed of a heterogeneous microstructure, the geometric and material properties of that will crucially govern the global behaviour. Such heterogeneities can for instance appear as voids, micro cracks, or inclusions, and can be found in fibre-reinforced materials (e. g. , metal-polymer matrix, concrete), or in natural materials (e. g. , geological conglomerates). Homogenization approaches as pioneered by Hill [4, 5] provide an appropriate framework to relate the mechanical behaviour within the different spatial scales of observation. The key issue of the current contribution is to account for this microstructure of the material layer in an appropriate way. Beyond existing approaches, which are achieved for instance by asymptotic homogenization [15, 16] , we particularly aim to propose a computational multiscale framework that is suitable for nonlinear multiscale finite-element simulations in the spirit of FE 2 . Within a multiscale consideration, on the macro scale the material layer is treated as a cohesive interface situated within a continuum. The governing quantities in this cohesive interface, i. e. the displacement jump (or rather separation) and the cohesive tractions, are related based on the underlying microstructure rather than employing an a priori constitutive assumption, coined as a cohesive traction-separation law. On the micro scale, representative volume elements (RVE) along the material layer advocate the heterogeneous microstructure, as illustrated in Figure 2 . Their height is directly given by the thickness of the material layer. For the concept of representative volume elements the reader is for instance referred to References [5, 28] . The micro-macro transition between the RVE and the interface is achieved based upon the averaging of the gov- Heterogeneous material layer, which is shown over-sized for the sake of visibility, situated within a macro bulk material with sketches of RVEs that are locally periodic, but may vary along the material layer.
erning kinematic, stress and energetic quantities over the respective underlying RVE. The boundary conditions stemming from the cohesive interface at the macro level imposed on the RVE must be chosen consistently-on the one hand, they need to fulfil the Hill condition [5] , which ensures the equivalence of the macro and the micro response, whereas on the other hand, the boundary conditions shall account for the interface geometry and capture the occurring mixed-mode (shear and tension) deformation modes. The homogenization approach is numerically implemented within a computational homogenization along the lines of References [9, 10, 11, 20, 22, 21, 25, 24] . Within a geometrically nonlinear finite-element framework, we straightforwardly model the material layer by means of cohesive interface elements situated between the adjacent bulk finite elements. With these elements, the finite-element formulation which can be found in References [1, 18, 23, 29, 30, 34, 35, 37] , the constitutive relation consists by a cohesive traction-separation law, which has traditionally been treated by a priori assumptions, as they were proposed by Xu and Needleman [27, 38] . Instead of using such constitutive assumption, we obtain the material response from computational homogenization. To this end, the solution of a micro scale boundary value problem is invoked at each integration point of each interface elements. Thereby upon application of customized hybrid boundary conditions stemming from the interface, the macroscopic constitutive behaviour is extracted at the RVE boundaries towards the bulk. The representative volume element is modelled as a nonlinear finite-element boundary value problem, which is subjected to the deformation induced by the interface element on the macro scale. The macroscopic traction and the constitutive tangent operator for a Newton-Raphson solution scheme are extracted from the micro problem. In this way, a fully nested iterative multiscale solution for a bulk including a material layer accounting for the micro-heterogeneous properties of the latter is accomplished.
The current paper extends the multiscale approach of Matous et al. [17] to the general case of finite deformations. Beyond both the latter contribution and that of Larsson and Zhang [14] , not only the cohesive behaviour of the microscopically heterogeneous material layer shall be considered, but rather we are interested in solving macroscopic boundary value problems involving this material layer. To this end, emphasis is placed on a multiscale framework, that utilizes computational homogenization. If the intrinsic microstructure is negligibly small such that no size effects occur, as is the case in the current paper, we restrict ourselves to a classical (Boltzmann) continuum within the representative volume element. In contrast, if the size effect of the intrinsic microstructure is significant, the microstructure can be modelled as a micromorphic continuum, which is pursued in Reference [7] .
Outline and Notation
The remainder of the paper is structured as follows: In Section 2, we present the continuum mechanics framework on the macro scale with the material layer treated as a cohesive interface. In Section 3, the governing equations for the representative volume element that represents the underlying microstructure, are presented. Once both the macro and the micro level descriptions are present, the micro-macro transition based on the homogenization of the decisive micro quantities is examined in Section 4. Section 5 provides the numerical framework of the computational homogenization. Numerical examples in Section 6 exhibit the main features of the proposed approach, and finally some concluding remarks are mentioned in Section 7. For the sake of distinction and clarity, the quantities on the macro scale are denoted by an over-bar(·), whereas all other quantities refer to the micro scale.
Material layer represented by an interface at the macro level
On the macro scale we consider a body¯ 0 that consists of a bulk that is separated by a thin material layer of significantly different properties. We treat this layer as an interface, Γ 0 , as illustrated in Figure 3 . On the interface we define the unit normal vectorN as
TherebyN + (X ) is the outward normal on the positive part¯ + 0 andN − (X) on the negative part¯ − 0 , respectively. In the following, we introduce the governing continuum mechanics framework that defines a general boundary value problem for the macro level involving this interface. to the spatial configurationΓ t .
Deformation
The deformation in the bulk is described via the deformation mapx =φ(X) and its gradientF := ∇Xφ for all material pointsX ∈¯
The deformation jump or separation between the opposite spatial edges of the interface,
acts as the primary deformation quantity of the interface. The vectorial representation at this point incorporates a loss of information compared to the full deformation tensor. Nevertheless, for the considered material layer this assumption is fully sufficient, since its initial height h 0 is much smaller than the total extension of the bulk.
Equilibrium
For the material body¯ 0 to be in equilibrium the balance of momentum for the bulk 0 \Γ 0 and the equilibrium relations for the cohesive interfaceΓ 0 must be fulfilled. The balance of momentum for the bulk reads
in terms of the Piola stressP. The corresponding Neumann and Dirichlet boundary conditions prescribe the spatial tractiont 0 with respect to material reference or the deformation mapφ on the respective part of the boundary:
Across the interface, cohesive tractions are transmitted. The additional equilibrium condition concerning the interface,t 0
together with the Cauchy theorem entails a relation for the jump of the Piola stress, P , and for its average {P} across the discontinuity:
The weak formulation of the balance relations (3)-(6) renders the virtual work statement, which requires the sum of the internal contributions of both the bulk and the interface to equal the external virtual work:
The relation between the stress and the deformation measures is supplied via a constitutive relation.
Constitutive framework
For the surrounding bulk, we avail ourselves of a hyperelastic constitutive formulation which is stated a priori, for instance a neo-Hooke ansatz. Thus the Piola stress is evaluated from the stored-energy density asP = DF¯ 0 . The tractiont 0 transmitted across the cohesive interface is energetically conjugate to the separation φ in a hyperelastic format. Within an entirely reversible isothermal constitutive framework, it is a function of the interface separation, i. e.t 0 ( φ ). Our objective is to find such a relation based on the underlying microstructure using a multiscale approach. Particularly, in the context of a numerical finite-element simulation utilizing a Newton-Raphson procedure, we are moreover interested in the tangent operatorĀ in an incremental traction-separation law,
Towards a multiscale framework we will next present a formulation for the underlying microstructure and thereafter bridge the two scales by means of homogenization.
Representative volume element at the micro level
Within the proposed multiscale approach, we now consider the modelling of the underlying heterogeneous microstructure. As was illustrated in Figure 2 , representative volume elements are used to model statistically representative portions of the material layer. To match them with the interface geometry, we align these volume elements with Figure 4 : RVE geometry and deformation maps from the material configuration 0 to the spatial configuration t .
the interfacial plane and limit its dimension out of plane by the initial height h 0 of the material layer. Thereby the dimension of the RVE in plane must be chosen sufficiently large to make the element representative, yet small enough compared to the in plane dimension of the layer to exclude boundary effects. In the two-dimensional setting pursued here, such element has an initial width w 0 and thus a material volume (or rather area) of V 0 = w 0 h 0 . Any appropriate mechanical framework could be employed on the RVE level, such as a continuum (either in a standard, a higher-order or a higher-grade formulation), discrete particles to account for granular media, molecular dynamics, or atomistics, just to mention a few. However, in this article we restrict ourselves to a standard (or rather Boltzmann) continuum, whereas a further extension to a micromorphic RVE accounting for size effects induced by a significant intrinsic microstructure can be found in Reference [7] . In order to clarify the notation at the micro level, we will in the following briefly review the governing equations stating a boundary value problem on the RVE. Based upon this geometrically nonlinear framework, the connections with the macro problem will be treated in Section 4.
Deformation
The finite deformation, also illustrated in Figure 4 , is described through the deformation map ϕ and the deformation gradient F :
The placement X can be chosen with respect to any basis; however for practical reasons corresponding to the micro-macro transition, the origin shall be placed in the geometric centre of the RVE.
Equilibrium
The representative volume element is in equilibrium if the balance of momentum for the static case,
is fulfilled under the supplied Neumann and Dirichlet boundary conditions:
Thereby at a particular part of the boundary, either the spatial traction t 0 = P · N or the deformation ϕ may be prescribed, with
At the micro level, the influence of the body force is neglected, as suggested for instance by [21] . This choice proves convenient in view of the homogenization, which utilizes only quantities on the RVE boundary. With this assumption, the corresponding virtual work statement at the micro level reads:
Constitutive framework
Any appropriate constitutive formulation could be incorporated. However, for the sake of clarity of exposition, we avail ourselves of a straightforward hyperelastic format for the stored-energy density.
Boundary value problem
The representative volume element is subjected to boundary conditions that stem from the interfacial traction and separation at the macro level. The necessary relations connecting the two scales consistently with respect to the geometry of the material layer will be addressed in the following section.
Micro-macro transition
The proposed homogenization approach is based on the averaging of the governing quantities over the volume of the RVE as proposed by Hill [4, 5] . First, we recall the volume averages of the deformation gradient, the stress, and the virtual work over the RVE, as they are well-known from the literature. Then, these RVE averages are related to the governing quantities in the interface. Boundary conditions on the RVE finalize a consistent scale transition.
Averages of micro quantities over the RVE
The average of the deformation gradient F over the volume of the RVE is given as
The volume average of the Piola stress P in the RVE,
is required in view of the macroscopic traction vectort 0 in the interface given in (6) 2 .
Finally, based on (12) the average of the virtual work in the RVE reads
Thereby, as already mentioned in Section 3.1, we assume without loss of generality that the origin of the coordinate system is placed in the geometric centre of the RVE. The following canonical auxiliary relations [2, 21] ,
are utilized to convert the averaging theorems from volume to surface integrals. For the latter two conversions, the equilibrium in omission of body forces was used, as for instance also documented in References [10] .
Micro-macro transition
In order to accomplish a consistent transition between the micro and the macro level, the averaged RVE quantities need to be related to the interface quantities. Therefore, the deformation, the traction as well as the virtual energy need to be equivalent on both scales.
Deformation
Upon the consideration of the initial height h 0 of the material layer, the averaged deformation gradient (13) is linked to the interface kinematics on the macro level as follows: Since the governing kinematic quantity on the RVE level is given by the homogenized deformation gradient, which is tensor of second order, it is desirable to find a secondorder tensor to represent the macro interface deformation as well. Therefore we avail ourselves of a deformation tensor, which was first proposed in the context of localized plasticity, (see, for instance References [12, 13, 31, 32] ):
Instead of an artificial scaling parameter, which in those approaches is used to achieve regularization, here indeed the initial height h 0 enters this deformation tensor. Clearly, this measure resolves the information given by the macro separation as follows:
or translated into a straightforward matrix notation with respect to the orthonormal basis (M,N):F=
With this macro assumption at hand, we can relate the macro deformation to the RVE average deformation gradient as
Although it obeys the restriction thatM ·F ·M = 1, it involves all the information that is contained in the vectorial representation of the interface separation φ . This assumption yields a somewhat rigorous restriction on the deformation of the RVE, as we will examine later on.
Traction
The tractiont 0 in the interface is related to the averaged Piola stress (14) in the underlying RVE based on the Cauchy theorem (6) 2 :
assuming the average RVE Piola stress to be equivalent to the average across the interface of the Piola stress on the macro scale 〈P〉 ≡ {P}.
Virtual work
The Hill condition requires the virtual work performed in the interface to be equivalent to the average of the virtual work performed within the representative volume element. The RVE virtual work density, P : δF , acts within a continuum element dV and the interface virtual work density is referred to a surface element dA. Due to their different Figure 5 : Hybrid boundary conditions on the RVE: prescribed deformation on ∂
dimension, the average of the virtual work in the underlying RVE, (15), needs to be scaled by the height h 0 of the material layer and we obtain
With the particular equivalences of the interfacial separation (17) and traction (21), with this condition the usual requirement in the form
is retrieved. In this form the Hill condition requires the average of the virtual work performed in the RVE to equal the virtual work performed by the respective averages of the deformation gradient, (13) , and the stress, (14) , and was thus also referred to as the macro-homogeneity condition [2] .
Boundary conditions on the RVE
The micro-macro transition is achieved by the choice of appropriate boundary conditions on the RVE. These are governed by the corresponding quantities in the interface and must fulfil the Hill condition (23) to be admissible. Generally the boundary conditions to impose on the RVE will depend on the deformation and the traction in the interface. However, we omit the rather tedious application of traction boundary conditions since we are aiming at a deformation-driven computational homogenization. Due to the vectorial representation of the deformation jump within the material layer, only two deformation modes can occur in the interface, i. e. relative shear and normal tension/compression. Furthermore, the extension of the interface in tangential direction is by orders larger than its height, which gives rise to boundary conditions that are hybrid between linear displacement and periodic displacements and anti-periodic tractions on the RVE boundary, as depicted in Figure 5 and examined in the sequel.
Choice of boundary conditions
For the first part of the hybrid choice of boundary conditions, we fully prescribe the boundary conditions by means of the macro interface opening φ on the top and the bottom boundaries of representative volume element, since these are conceptually aligned with the positive and negative edges of the cohesive interface,Γ + 0 andΓ − 0 , respectively. This displacement boundary condition is first expressed in terms of the proxy macro deformation tensor of (13), which is easily transferred into an expression in terms of the deformation jump only:
As a second ingredient of the hybrid boundary conditions, in tangential direction of the interface (or rather in-plane), we assume periodic deformation and anti-periodic traction boundary conditions
on the RVE, whereby the notations (27) are used. The straightforward proof of the admissibility of this choice of boundary conditions is examined in the following section. The vectorial representation of both separation and traction in the interface restricts the deformation to two deformation modes: shearing tangential to the interface plane and tension out of the interface plane, which is also reflected by the deformation measure in (13) . Therefore, with this model, it is not possible to account for in-plane tension within the RVE. However, the macro level does not sense this restriction and the lateral contraction along the interface is entirely controlled by the surrounding bulk in a natural manner.
Admissibility of hybrid boundary conditions
To show that this choice of boundary condition fulfil the Hill condition (23), the relation 〈P〉 : 〈δF 〉 = 〈P : 〈δF 〉〉 is used. The Hill condition holds if the following identity is fulfilled:
For the proposed hybrid boundary conditions, this relation is both shown to be fulfilled for the prescribed deformation on the top and the bottom boundary of the RVE and for the periodic in-plane deformation.
To this end, the relation is transformed to the following:
For the prescribed displacement (24) the term in brackets directly vanishes and thus the entire integral becomes zero. In a second step, the periodic boundary conditions (25) in-plane are shown to be admissible by regarding (29) . Since for a macro deformation (24) affinely imposed on the RVE, the term 〈δF 〉·X is periodic to begin with, thus the fluctuation term δϕ −〈δF 〉·X proves periodic as well. Consequently the integral
vanishes over opposite periodic boundaries if the traction t 0 is anti-periodic, which itself follows from equilibrium. Due to their periodicity, the sum of the integrals over the opposite edges on the left and the right side L 0 and R 0 respectively, vanishes as described.
To gather all contributions of the hybrid boundary conditions, we build the sum of the particular parts of (29) and (30),
This is then zero as well, because each of the first terms is zero and due to the antiperiodicity the sum of the latter two is zero. Thus the proposed hybrid boundary conditions are admissible.
Computational homogenization
The homogenization framework of the preceding section is now transferred to a computational homogenization scheme in the FE 2 spirit of References [3, 9, 11, 25] . This consists of a nested solution scheme [11] involving both the macro-and the micro-level boundary value problems, which are solved iteratively by means of the nonlinear finiteelement method.
Situated between the bulk elements, interface elements, as they were introduced in Reference [1] , represent the material layer on the macro scale. The constitutive behaviour of the bulk is assumed a priori, for which a constitutive routine is provided. Contrary, the constitutive behaviour or rather the traction-separation relation (8) of the interface element is obtained from the underlying microstructure. For this purpose, at each integration point of each interface element, the traction vectort 0 and the tangent operatorĀ are evaluated by means of a computational homogenization of the underlying micro-properties in the RVE based on the macro kinematics as illustrated in Figure 6 .
Nested solution procedure
The nested multiscale solution, which involves one macro boundary value problem and as many RVE boundary value problems as integration points in the macroscopic interface elements of Figure 6 , is in particular achieved as follows.
The macro specimen¯ h 0 is discretized with bulk finite elements in¯ h 0 , while cohesive interface elements represent the material layer onΓ h 0 . The formulations of these interface element are well-established and for instance are described in References [23, 30, 34, 35] . Assigned to each macro integration point of each interface element, the corresponding RVE is discretized with a finite element mesh in h 0 . In order to handle the in-plane periodicity being part of the hybrid boundary conditions, this RVE mesh is subject to the restriction that the left and the right boundary, ∂ h L 0 and ∂ h R 0 , respectively, have equal arrangement. In order to achieve a geometrically nonlinear multiscale solution, at each macroscopic iteration step within a Newton-Raphson algorithm, in each integration point of each interface element the nonlinear systems of the RVEs are solved iteratively subject to the current macro deformation jump, as depicted in the schematic flow chart of Figure 7 , see also Reference [8] . In particular at each integration point of each interface element onΓ h 0 the macro separation φ is evaluated iteratively, being zero initially. Its increments deliver the boundary conditions to the RVE finite-element mesh, see (24) . During each macro iteration step, the nonlinear micro systems are solved subject to these incremental boundary conditions. When equilibrium is obtained at the RVE level, both the homogenized macroscopic tangent operatorĀ and the macroscopic traction vectort 0 of (8) at the respective integration point along the interface are computed from this solution. Precisely, the contributions of the stiffness matrix and the residual vector at the RVE boundary are extracted to this end. With the constitutive macro quantities at hand, the macro system is solved iteratively until a global solution for the current load step is obtained. In case the interface coordinate system does not coincide with the global coordinate system, the components of the separation vector in tangential and normal direction are transferred to the RVE.
Nonlinear system at the macro level
At the macro level, the global residual must vanish for all degrees of freedomφ I . Based on the weak form (7), it is obtained from an assembly of the contributions of all the bulk and all the interface elements as
Herein the shape functionsNφ I act in the bulk andN ϕ I within the interface element. The external force vector at the macro level in general contains both external traction and body forces acting on the bulk surface and volume, respectively:
For the iterative solution of the nonlinear system of equations given by (32), we avail ourselves of a Newton-Raphson algorithm. To this end, we introduce the stiffness matrix, defined asK I L = ∂φ LR I , and solve the linearized system of equations
For the given macro problem, the stiffness matrix in particular reads
Herein the derivative DF (P · ∇XN ϕ I ) for the bulk can be evaluated directly based on an a priori constitutive assumption. Contrary, the material tangent operator D φ (t 0 ) of each interface element calls to be determined from the underlying RVE in a computational homogenization at each integration point. In particular, a Gauss quadrature is used for the numerical integration within the interface elements, whereas other numerical integration schemes [30] go beyond the scope of the current contribution. Within the loop over the Gauss points, instead of a material routine, the underlying RVE programme is called in order to retrieve the tangent operator as well as the traction vector. To this end, the current trial value of the macro separation are passed to this RVE routine and the resulting procedure is described in the following section.
Solution of the nonlinear RVE problem
For each macroscopic interface integration point the material response needs to be evaluated on the underlying RVE. To this end, each RVE receives the current trial separation vector which is translated to a boundary condition according to Equation (24) . Only after the RVE system is solved subject to this boundary condition, the sought-for macro material information can be extracted.
In the system subject to the Dirichlet boundary conditions stemming from the macro level, the finite-element stiffness matrix and the residual vector of the RVE problem are assembled from the individual finite-element contributions in a standard manner:
with N I and N L being the shape functions for the trial and test function respectively. Thereby a priori constitutive formulations are used to compute the stress P and the material operator D F P in each element.
⋆ . (38) with ϕ ⋆ = ϕ i comprising the independent degrees of freedom only. As proposed by Kouznetsova et al. [8, 10] this is accomplished by means of a dependency matrix, which relates the dependent with the independent nodal displacements as
With the deformation map ϕ being the actual degree of freedom, we have made use of the fact, that the Newton-Raphson algorithm deals with increments and thereby ∆u = ∆ϕ. In the transformed system (38), the reduced stiffness matrix and residual vector are computed as
For the material layer RVE under the boundary conditions proposed in Section 4.3.1, the independent degrees of freedom comprise the degrees of freedom of all boundary nodes at the top and bottom (including all corner nodes), on the left, as well as all interior nodes. Complementarily, the right boundary nodes supply the set of dependent degrees of freedom, as illustrated in Figure 8 .
In this reduced system, the displacement-boundary conditions (24) stemming from the interface deformation, are imposed at the top and bottom nodes in order to find a solution. The vector of unknowns is updated, before the independent and the dependent degrees of freedom are gathered. In this way the nonlinear micro system of equations is iteratively solved until equilibrium is reached. The procedure is summarized in Table 1 . [33] .
Remark 5.1 Other techniques to enforce the periodicity have been proposed in the literature. For instance Miehe [21] uses Lagrange multipliers. Another alternative lies in the modification of the basis functions of the respective degrees of freedom on the positive and negative edge of the RVE, see Reference

Homogenized macro quantities
With the respective solved RVE system at hand, we obtain the sought-for macroscopic quantities, i. e. the traction vector (6) 2 and the tangent operator (8) at the superordinate interface integration point from a computational homogenization. Therefore the prescribed nodes at the top and bottom of the RVE (pn) and the free nodes (fn) given by all other independent nodes are identified, 
. get stiffness matrix K ⋆ for independent dofs by transformation get residual vector R ⋆ for the transformed system extract all independent dofs ϕ (0) i 5. solve system of independent dofs and obtain ϕ (1) i 6. update dependent dofs : ϕ
8 check convergence ⊲ if residual norm of system in independent dofs > TOL set ϕ (0) = ϕ (1) , go to step 1 and repeat procedure ⊲ else if residual norm of system in independent dofs ≤ TOL RVE system is solved This allows to obtain the resulting traction from the reaction forces at these prescribed nodes and the tangent being the operator that, applied on the macro separation increment, yields the the resulting traction increment.
Traction
With the reaction force at the prescribed boundary nodes (46) at hand, we retrieve the homogenized macro traction vector (21) by means of the average of the Piola stress (14) ast 
Tangent
For the RVE we are seeking the tangent operator in the incremental formulation of (8) for a finite increment ∆t 0 as it is used in a Newton-Raphson scheme. From the increment of the macro traction (47) with the reduced system (45) we directly obtain the tangent asĀ
Therein the prescribed deformation boundary conditions (24) at nodes K pn were considered. Hereby the summation runs over all nodes I pn , K pn on the prescribed top and
For further details on the set of equations constituting the computational framework, the reader is referred to Reference [6] .
Numerical examples
In order to illustrate the proposed computational homogenization procedure, numerical examples are presented. Underlying to a material layer, sample microstructures with either voids or inclusions are simulated. First, we study the proper choice of the RVE at the example of a tailored microstructure within a periodic material layer, Section 6.1, with one interface element, as illustrated in Figure 9 . More complex macro boundary value problems are studied in Sections 6.2 and 6.3. At the macro level, the cohesive interface is embedded in a bulk finite-element mesh with linear, respectively bi-linear approximations. The underlying microstructure or rather the representative volume elements are discretized by bi-quadratic bulk elements.
Choice of the RVE
Within the simplified multiscale framework that is shown in Figure 9 , a material layer with a periodic microstructure is considered. In the darker grey region of the periodic microstructure in Figure 10 , the Young's modulus is chosen five times as high as in the lighter one. For this periodic microstructure, the proper choice of the RVE is investigated.
To this end, out of the various possible options, one non-symmetric and one symmetric RVE are chosen, which both possess a width to height ratio of 2/3. With the aid of the simplest possible macro problem, a single interface element, which is shown in Figure 9 , we evaluate the homogenized macro response to fully prescribed mixed-mode loading, uM = 5ūN . This deformation is applied step-wise until a final shearing ofūM = 0.4h 0 is reached. The response is evaluated for both cases, the non-symmetric and the symmetric RVEs. Figure 11 shows the spatial meshes of these after the first load step ofūM = 0.04h 0 . The stress in the RVE is considered first. Figure 12 shows the components of thē Cauchy type stress in the RVE. In the first row the stress in the non-symmetric and in the second row that of the symmetric RVE are plotted. Repetitive features in the stress distribution can be recognized. However, especially close to the lateral boundaries of the respective RVE, the stress patterns are not fully congruent. This is attributed to the stress interpolation algorithm in the plot routine, which does not account for the periodicity along the lateral edges. Although the stress distributions do not appear entirely identical, the macro response is. This is shown with the resulting traction-separation laws from the computational homogenization (47). It is compared for both RVE choices in Figure 13 . The response in normal direction obeys a nonlinear relation, whereas the traction-separation curve for the shear is approximately linear. Both the tangential and the normal tractionseparation curves of the two RVEs prove to coincide. Consequently, despite the slightly deviating stress, this choice of the RVE in the infinite layer has no impact on the macro response. 
Infinite material layer under shear-dominated mixed-mode loading
In order to simulate a straight material layer of large in-plane extension, a single column of elements, comprising one interface element, is modelled periodically on the macro level, as depicted in Figure 14 . The total height of the shear layer is given asH 0 = 20h 0 . For opposite nodes at the left and right side, periodic deformations are enforced. In this way, the column represents a small portion of a layer with ideally infinite in-plane extension. The deformation of the problem is prescribed at the top and the bottom (ū pre,T = −ū pre,B ), with a shear-dominated mixed mode, with the horizontal or rather tangential displacement being ten times the tensile or rather normal displacement. This deformation is applied step-wise, until a final tangential deformation ofū pre,T M = 0.2w 0 is reached.
Different micro meshes are examined: First, microstructures with a void of different shape and size are simulated and compared to the response of a homogeneous microstructure. Thereafter, the shear layer is investigated with RVEs containing inclusions of higher stiffness and different distributions. At the macro level, bi-linear shape functions are used.
Microstructures with voids
The problem is first studied for microstructures with voids. A homogeneous RVE of width w 0 = 0.1h 0 is compared with two square RVEs with each containing a centred circular hole of 5% and 25% void ratio, respectively, and another square specimen with a centred lentil-shaped void. These microstructures are discretized with bi-linear finite elements. The macro material parameters are chosen to beĒ = 100E,ν = ν = 0.3.
For a macro displacement load ofū pre,T = −ū pre,B = 0.2w 0M + 0.02w 0N , in Figure 15(b) -(d) the respective spatial macro meshes are plotted, whereas the corresponding spatial micro meshes are shown in Figure 16 . Based on the different size and shape of the voids, the stiffness of the specimen differs. This is qualitatively reflected in the deformed meshes. The weaker the RVE reacts, the stronger is the deformation localized in the material layer. The differently stiff response is quantitatively analyzed in Figure 17 . The force-displacement curves in tangential and normal direction are evaluated for the top nodes of the macro specimen. The specimen with the lens-shaped void yields the least stiff response, whereas for decreasing size of the void, the stiffness increases.
Microstructures with inclusions
Next, underlying to the material layer situated within the periodic macro shear layer, microstructures equipped with inclusions are examined. These possess a greater stiffness than the surrounding matrix material in the material layer. The different material meshes are schematized in Figure 18 . In the darker elements, Young's modulus is chosen five times that of the light-grey elements, E 2 = 5E 1 =Ē/200, while Poisson's ratio is chosen equally asν = ν 1 = ν 2 = 0. As for the microstructures with voids in Section 6.2.1, the force-displacement curves at the top of the macro specimen are compared here in Figure 19 . Depending on the size and distribution of the inclusions, the resulting macroscopic force-displacement curves differ from each other. As expected, the specimen with the largest inclusion ratio, Figure 18 (b), exhibits the stiffest behaviour. 
Macrostructure with material layer next to a hole
As the final example, we consider a square specimen with an initially circular centred hole at the macro level with a material layer located at the lateral sides of this hole, shown in Figure 20 . The response of this layer is evaluated based on its underlying microstructure, which is represented by a square RVE with a centred lens shaped void.
As also illustrated in Figure 20 , we consider two different orientation of this RVE: a horizontal (or rather tangential) and a vertical one. In the discretized macro specimen, three interface elements are located at each side of the hole. At each of their integration points, the respective RVE is used to evaluate the material response of the material layer. In contrast to the similar RVE of Section 6.2.1, Figure 16 , here fewer elements with biquadratic shape functions are chosen. The total height of the macro specimen is chosen to beH 0 = 10h 0 , with h 0 being the height of the material layer. For the choice of a square RVE, its width then results as w 0 = h 0 =H 0 /10. In order to identify the respective spatial RVEs assigned to the interface element integration points along the interface element, we introduce the coordinateΞ = 2XM /w 0 that denotes the relative initial location compared to half the width of the macro specimen as illustrated in Figure 20 . Figure (21 ) displays the corresponding spatial RVE meshes at the integration point coordinates. Knowing that the model prevents a lateral deformation of the RVE, we observe that the RVE with the horizontally oriented void undergoes larger deformations in loading direction. This qualitative result is supported by the quantitative curves in in Figure 22 . Here, besides the spatial macro mesh, the corresponding homogenized tractionstN and the separations φN at these macro Gauss points are plotted versus their positionΞ. As expected, closer to the macroscopic hole, both the traction and the deformation increase more steeply. Furthermore, the orientation of the lens-shaped void plays a significant role. The horizontally oriented void attracts more separation and less traction, while the slope of the traction-separation curve is less steep. Consequently, this specimen involves a weaker response than that with the vertically oriented void. This is also reflected in the two resulting tractionseparation curves at the macro integration point closest to the hole,tN versus φN . It can be observed that by their orientation, heterogeneities in the microstructure can yield anisotropic effects in the global response of the material layer. 
Conclusion
In this contribution, we have proposed a computational homogenization approach for a microscopically heterogeneous material layer. On the basis of the underlying microstructural constitution, the macroscopic response of a body containing this material layer is efficiently determined. The proposed approach is based on a continuum mechanics framework at finite deformations with a cohesive interface to represent the material layer. Based on existing continuum homogenization principles, the vectorial quantities traction and separation at the macro level have been related to the averaged tensorial stress and deformation gradient at the micro level. The height of the representative volume element has been considered as the height of the material layer itself. Thus this quantity enters the equivalence of the virtual work of both scales. The possible tensile and shear deformation modes in the interface have been accounted for through customized boundary conditions on the representative volume element, which are hybrid between prescribed deformation out of the plane and periodic deformation in the plane of the interface. The developed theoretical framework has been successfully embedded in a computational homogenization procedure that couples the macroscopic and the microscopic response in an iterative nested solution procedure. Numerical examples have revealed that the macroscopic response depends on the particular geometry and material properties of the respective microstructure. With the continuous representative volume element and the customized hybrid boundary conditions, mixed-mode loading is captured in a natural manner. Additionally to existing approaches to mixed-mode response, e. g. of References [29, 36] , the behaviour here is dictated by its microstructure rather than by an a priori constitutive assumption. Some challenges for future research evolve from this contribution, either concerning the constitutive/continuum formulation or the numerical framework. First of all, in addition to the hyperelastic constitutive format chosen here, the incorporation of irreversible behaviour within the microstructure, as done in Reference [17] for small strain, for finite strains remain as a challenge for future research. Only such choices can render the typical traction-separation laws expected based on References [27, 38] . The present multiscale framework with the classical continuum within the RVE does not account for size effects, which can occur when a significant intrinsic microstructure in the interfacial material coincides with a particularly thin material layer. In such cases, we suggest to employ a generalized continuum as for instance a micromorphic or higher-gradient continuum on the RVE level, as pursued in Reference [7] . One limitation of the multiscale model, which we have particularly identified in the last numerical example, is the fact that although at the macro level there is no obstacle to a lateral contraction of the material layer, the present homogenization framework provides no option to pass this lateral contraction to the underlying representative volume element or vice versa to incorporate the resistance of the RVE against lateral contraction into the homogenization. Recognizing this limitation, it remains as a non-trivial task for future research to enhance the micro-macro transition in this respect such that also a lateral contraction can be taken into account appropriately whenever it is needed.
The interface elements used to model the cohesive layer at the macro level could be used in a wider range of boundary value problems, once contact algorithms to capture compression in the interface are implemented. It is noteworthy that the proposed computational homogenization for material layers is not only restricted to finite interface elements, but can be employed whenever a constitutive relation for a cohesive layer is to be evaluated at an integration point. When the proposed computational homogenization framework is combined with more elaborate approaches to treat discontinuous deformations, such as the partition-of-unity based X-FEM [26] or approaches based on Nitsche's method [19] , it has potential to serve as a powerful multiscale tool in the simulation of cohesive discontinuities which are governed by their underlying heterogeneous microstructure.
